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We study the BTZ black holes (2+1 dimensional space-time) in the low energy heterotic string
theory (BTZ-Sen BH). This concept requires us to include a non-trivial dilaton φ and a 3-form Hµνρ
field. By using the Hassan-Sen transformation and BTZ black hole as a seed solution, we obtain
the solution in the string frame. Some properties of the black hole solutions are discussed.
PACS numbers: 97.60.Lf, 04.20.Jb
INTRODUCTION
Banados, Teitelboim, and Zanelli (BTZ) in 1992 were
the first to obtain exact solution of a vacuum rotating
black hole in three-dimensional space-time with non-zero
cosmological constant [1, 2]. This proposal also supports
the existence of three-dimensional space-time in general
relativity as the foundation of the classical and quantum
gravity aspects that have been conceived by Deser [4],
Jackiw [5], ’t Hooft [6], and Witten [7, 8] circa 1984-
1989. Because the three-dimensional space-time has no
Newtonian limit, BTZ black holes are different from Kerr
black holes [9]. The fundamental difference is that the
BTZ black holes are asymptotically anti-de-Sitter and do
not have a curvature singularity, whereas the Kerr black
holes are asymptotically flat and have a ring singularity.
Nevertheless, both objects are still black holes; have the
inner horizon as well as the outer horizon, ergopshere,
static limit region, and frame dragging effects.
From the vacuum BTZ case, it took eight years for
Martinez, Teitelboim, and Zanelli to obtain the charged
and rotating black holes in three-dimensional space-time
[10]. The method used are the same with BTZ. They do
not neglect the boundary action, with the consequence
that the scalar Ricci evaluated on the hypersurface Σ
must be taken into account. With the Hamiltonian for-
mulation and (2+1) decomposition, they choose station-
ary conditions and axial symmetry for the consequences
of rotating object. Under these conditions, the lapse and
shift functions, N⊥ and N i, could be obtained using the
Hamiltonian and momentum constraints H⊥ = 0 and
Hi = 0.
Although the BTZ black hole solution is a rotating ob-
ject, it is without doubt that there is a vast literature
on the static BTZ black hole (Λ 6= 0). BTZ with radial
and azimuthal electric fields has been studied by the au-
thors in [10–12] while BTZ with pure magnetic solutions
has also been studied in [13, 14]. Interestingly, studies
on static BTZ black holes have been widely discussed
in the case of nonlinear electrodynamics as well as the
phenomenological aspects [15–21].
In the realm of low energy string theory, Sen [22] ob-
tained an exact four-dimensional, rotating and charged
black hole solution, commonly referred to as a Kerr-Sen
black hole. This solution is obtained by the Hassan-Sen
transformation [23] which requires a seed solution (in the
literature, Sen uses a Kerr black hole solution) that sat-
isfies the stationary and axial symmetry conditions. The
black hole solution obtained by Sen is analogous to the
Kerr-Newman black hole (rotating charged black hole in
four dimensional space-time). Despite the similarities be-
tween the Kerr-Sen and Kerr-Newman black hole solu-
tions, there are several features that could distinguish
between the two solutions. For example, the appearence
of dilaton scalar and 3-form tensor field on Kerr-Sen.
It can be inferred that the Kerr-Sen and Kerr-Newman
black hole is the same but different families. On the other
hand, a study on the merger estimates [24] and the en-
ergy requirements needed to destroy the horizon of the
Kerr-Sen black hole [25] shows that the study of Kerr-Sen
black holes is still of particular interest for researchers.
Moreover, since the black hole in string theory is con-
sistent with the descriptions of classical and quantum
gravity, a vast literature on AdS/CFT correspondence
to the Kerr-Sen black hole are discussed in the reference
[26–28]. Recently, accelerating black hole in the low en-
ergy string theory and several aspects such as horizons,
conical singularities, angular velocity, and temperatures
have been obtained [29].
For the case of static black holes in string theory, Gib-
bons and Maeda have obtained black holes in extra di-
mensions [30] (also Horowitz and Strominger [31]) while
in the four dimension Garfinkle, Horowitz, and Stro-
minger have studied the charged black hole in string the-
ory (Einstein-Maxwell-Dilaton) [32]. On the other hand,
the Kerr-Sen black hole is parameterized with a mass M ,
charge Q, and angular momentum J . If we set Q = 0, the
solution will be reduced to Kerr black hole solution. If
we switch off the contribution of the rotation parameter
a followed by the transformation of r → r − Q2M [33], we
can find that the solution is nothing but a static charged
black hole solution in string theory [32]. It can be in-
ferred that in order to arrange the static and charged
string object, a coordinate transformation must be per-
formed.
In this paper, we devote our effort to constructing what
Sen had already obtained on Kerr-Sen black hole to the
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2BTZ black hole object. The output of this paper is to ob-
tain the BTZ black hole in the low energy heterotic string
theory. We also include the contribution of cosmological
constant Λ = − 1l2 since the BTZ black hole will exist
if it has a negative cosmological constant (anti-de-Sitter
spacetime). BTZ black holes in both rotating and static
in low energy string field have been studied extensively
in some literature [34–44]. However, construction of a
rotating, charged black hole with a complete low energy
string term (R, Λ, Fµν , φ, Hµνρ) has never been stud-
ied.
The paper is structured as follows. In section II we
will do a quick review on BTZ vacuum black hole. This
is used because the incoming seed solution for Hassan-
Sen transformation is a BTZ black hole solution. This
section will be filled by the metric solution, event hori-
zons, and static limit radius. In section III, we construct
the BTZ black hole on the low energy heterotic strings
(BTZ-Sen). From the solution we obtained in the string
frame, we transform conformally into Einstein frame. Af-
ter we obtain the solution, we also discuss in detail this
solution to study the geometrical aspects of the BTZ-Sen
black hole (event horizon, static limit radius, and ergo-
sphere) and the test particles inside and outside of the
black hole. The angular velocity of the particle and black
hole perimeter are also discussed.
BTZ BLACK HOLE: A REVIEW
Three dimensional (2 + 1) black holes or commonly
known as BTZ black holes were first obtained in 1992
[1, 2] (see also [3]). This black hole is quite easy to
imagine compared to the black hole that we are famil-
iar with (Schwarzschild, Kerr, etc.) since the BTZ black
hole has a lower dimension than the ordinary four di-
mension (3+1). For more details on the concept above,
the author begins with the action form of the BTZ black
hole. The BTZ black hole action is given by
I =
1
16piG
∫ √−g (R+ 2l−2) d3x, (1)
from the action above, the symbol g is stands for deter-
minant of the metric tensor gµν whereas R and l is the
Ricci scalar and the radius associated with the cosmolog-
ical constant −Λ = l−2, respectively. The corresponding
Einstein’s equation is
Rµν − 1
2
gµνR+ Λgµν = 0. (2)
The equation above can be made in the nice way by con-
tracting it with gµν . Then we found the equation to be
Rµν = 2Λgµν . (3)
In general, if Tµν 6= 0, the Einstein field equation can be
written as
Rµν = 2Λgµν + 8piG(Tµν − gµνT ), (4)
In addition, the selection of the momentum energy ten-
sor Tµν completely determines the Ricci Rµν tensor, but
generally does not determine the Riemann tensor Rµνασ.
However, in the 3-dimensional gravity concept, the trace-
less part of Rµνασ vanishes so that the Riemann tensor
only depends linearly with its Ricci scalar and Ricci ten-
sors
Rµνγσ = gµγRνσ + gνσRµγ − gνγRµσ − gµσRνγ
−1
2
(gµγgνσ − gµσgνγ)R. (5)
By inserting Eq. 4, we get a relationship between the
Riemann tensor and the momentum energy tensor. For
vacuum cases (Tµν = 0), the Riemann tensor and Ricci
scalar can be written as Rµνγσ = (gµγgνσ − gµσgνγ)Λ,
and R = 6Λ. Eq. 3 above can be solved to obtain the
black hole solution with ansatz
ds2 = gµνdx
µdxν = −N2dt2+N−2dr2+r2 (Nφdt+ dφ)2 ,
(6)
Where N(r) and Nφ(r) are the lapse and the angular
shift function, respectively. The solution is written as
N(r) = −M + r
2
l2
+
J2
4r2
, Nφ(r) = − J
2r2
, (7)
with −∞ < t < ∞, 0 < r < ∞, and 0 ≤ φ ≤ 2pi. The
metric solution could be written in a form
ds2 = −
(
r2
l2
−M
)
dt2 − Jdtdφ+
(
r2
l2
−M + J
2
4r2
)−1
dr2
+r2dφ2. (8)
The two constants M and J contained in Eq. (7) are the
consequences of stationary conditions (invariant with re-
spect to time) and axial symmetry (invariant with respect
to rotation), mass and angular momentum. In addition,
the metric grr will be zero if its obey the value of r as
follows
r± = l
√√√√√M
2
1±
√
1−
(
J
Ml
)2. (9)
The value of r indicates that there are two event horizon
in the case of the BTZ black hole. The three variables
l, M , and J play a major role in this case. To keep the
event horizon on this BTZ black hole exist, the variables
l, M , and J must satisfy the relation below
M > 0, |J | ≤Ml. (10)
In extreme conditions |J | = Ml, event horizon r+ r−
merges into one with a radius re = l
√
M
2 . Another aspect
that can be obtained is the emergence of ergosphere
rsl = l
√
M. (11)
3With all these r values obtained, it can be said that the
characteristics of BTZ black holes are almost the same
as those of Kerr black holes, r+ is an event horizon, rsl
is a static limit, and the range of r+ < r < rsl is the
ergosphere area.
BTZ BLACK HOLE IN THE LOW ENERGY
HETEROTIC STRING THEORY
Black hole in string field (such as black p-brane) cer-
tainly has different characteristics compared to black
holes that often appear in Einstein’s theory of gravity.
Most of these solutions contain more than one charge
such as the Yang-Mills field or the antisymmetric tensor
field, and the dilaton scalar field. When these charges
are switched off, the solution will be reduced to an ordi-
nary Schwarzschild solution. In this paper, we construct
the classical and exact solution of the BTZ black hole in
the low energy string that describe black hole carrying
some charge and angular momentum. The method used
to obtain this solution is the twisting procedure which
requires a stationary and axial symmetry solution as an
input. This twisting procedure which will later be re-
ferred to as Hassan-Sen transformation. The explanation
above starts from the action of string theory in the 3d
string frame
S =
∫
d3x
√−g e−Φ
(
R− 2Λ + (∇Φ)2 − F
2
8
− H
2
12
)
,
(12)
where g is a determinant of metric tensor gµν , R is a
Ricci scalar, Fµν = ∂µAν − ∂νAµ is a Maxwell field, φ as
a scalar dilaton, and
Hκµν = ∂κBµν+cyclic permutation− [Ω3(A)]κµν , (13)
where Bµν is antisymmetry tensor field, and
[Ω3(A)]κµν =
1
4
(AκFµν + cyclic permutation) (14)
is a Chern-Simons term. The 3-form field tensor Hκµν
above can be made in a compact form into
Hκµν = ∂κBµν + ∂νBκµ + ∂µBνκ
−1
4
(AκFµν +AνFκµ +AµFνκ) . (15)
One can obtain the equation of motion by varying the
action (12) with respect to {gµν , Φ, Aµ, Bµν}
Rµν = gµν
[
2Λ−∇2Φ + (∇Φ)2 − 1
8
F 2 − 1
6
H2
]
−∇µΦ∇νΦ + 1
4
gλρFµλFνρ +
1
4
HµκσH
κσ
ν ,(16)
∇2Φ− (∇Φ)2 − 2Λ + F
2
8
+
H2
6
= 0,
∇µ
(
e−ΦFµν
)
=
1
2
FαβH
ναβ , (17)
and
∇µ
(
e−ΦHκµν
)
= 0. (18)
It is shown that the ordinary BTZ equation in (3) can
be obtained by switched off the non-gravitational field.
Thus, taking the BTZ black hole as a seed solutions are
allowed in string frame. However, rather than consider-
ing the solutions only in the string frame, we will make
a conformal transformation to the Einstein frame. We
therefore define the conformal transformation
ds2E = e
−Φd˜s
2
, (19)
The solution in the Einstein frame will be used when
we discuss some aspects BTZ black holes in heterotic
string theory. Hassan and Sen show that the new field
{g′µν , B′µν , A′µ, φ′} will satisfies the equation of motion
of 12 if the relationship of the new field with the old is
M′ = ΩMΩT , Φ′ = Φ + ln
√
g′
g
. (20)
The definition for matrix M and Ω in the (20) are as
follows
M =
(KT − η)g−1(K − η) (KT − η)g−1(K + η) −(KT − η)g−1A(KT + η)g−1(K − η) (KT + η)g−1(K + η) −(KT + η)g−1A
−AT g−1(K − η) −AT g−1(K + η) AT g−1A
 ,
(21)
and
Ω =
I5x5 ... ...... coshα sinhα
... sinhα coshα
 . (22)
The dot sign in the matrix Ω indicate that the contents
of the matrix are zero whereas I5x5 is an identity matrix
5x5. The definition inside the matrix M could be written
as
Kµν =
Krr Krφ KrtKφr Kφφ Kφt
Ktr Ktφ Ktt
 , ηµν =
1 0 00 1 0
0 0 −1
 , (23)
and
gµν =
grr grφ grtgφr gφφ gφt
gtr gtφ gtt
 . (24)
where the matrix Kµν and Aµ is given by
Kµν = −Bµν − gµν − 1
4
AµAν , Aµ =
ArAφ
At
 . (25)
Here, Sen takes a different definition of the matrix; the
time component is placed at the lower right end. How-
ever, the new and the old fields obtained in the (20) equa-
tion will satisfy the equation of motion derived from the
4(12) action. An explanation of the ideas from Sen is as
follows. We know that the action of low energy string
theory in the three dimensions will be reduced to the
Einstein-Hilbert action when all fields {B′µν , A′µ, Φ′} are
zero. That is, the vacuum solution of the Einstein field
equation is also a solution of the equation of motion de-
rived from action (12). So, by using the transformation
(20) we will obtain a new solution with non vanisihing
non gravitational fields {B′µν , A′µ, Φ′}. Ansatz metrics
that obey stationary and axial symmetry conditions are
as follows
gµνdx
µdxν = gttdt
2 + 2gtφdtdφ+ grrdr
2 + gφφdφ
2, (26)
since the BTZ black hole is a solution of the Einstein
vacuum field equation that meets the above conditions
(stationary and axial symmetry), we therefore will use
this solution as an input
ds2 = −
(
r2
l2
−M
)
dt2 − Jdtdφ+
(
r2
l2
−M + J
2
4r2
)−1
dr2
+r2dφ2. (27)
By obtaining the nonzero matrix M in terms of general
metric (26), combined with the transformation in (20)
and substituting into of the BTZ black hole metric solu-
tion, we obtained the BTZ-Sen solution in string frame
g˜tt =
M + r2Λ[
cosh2
(
α
2
)
+ (M + r2Λ) sinh2
(
α
2
)]2 , (28)
˜grr =
4r2
a2M2 − 4r2(M + r2Λ) , (29)
g˜tφ = −
aM cosh2
(
α
2
)
2
[
cosh2
(
α
2
)
+ (M + r2Λ) sinh2
(
α
2
)]2 , (30)
˜gφφ =
(
χ1 cosh
2(α) + χ2 cosh(α)
)
+ χ3[
cosh2
(
α
2
)
+ (M + r2Λ) sinh2
(
α
2
)]2 , (31)
where
χ1 = 4r
2
(
M + Λr2 + 1
)2 − a2M2 (M + Λr2 + 2) ,
χ2 = 8r
2 + 2
(
M + Λr2
) [
a2M2 − 4r2 (M + Λr2)] ,
χ3 = 4r
2
(
M + Λr2 − 1)2 − a2M2 (M + Λr2 − 2) .(32)
After obtaining the gravitational field, the correspond-
ing non-gravitational field can be written in the compact
form as
˜Aµdxµ =
sinh(α)
[
(1 +M + Λr2)d˜t− aM2 d˜φ
]
cosh2
(
α
2
)
+ (M + r2Λ) sinh2
(
α
2
) , (33)
B˜tφ = −B˜φt =
aM sinh2
(
α
2
)
2
[
cosh2
(
α
2
)
+ (M + r2Λ) sinh2
(
α
2
)] ,
(34)
and dilaton field
Φ˜ = − ln
∣∣∣∣ cosh2 (α2 )+ (M + r2Λ) sinh2 (α2 )
∣∣∣∣. (35)
With the transformation in (19), we obtained a black
hole solution in Einstein frame which can be written as
gtt =
(M − b)(M + r2Λ− b)
M + b(M − b+ r2Λ) (36)
grr =
4r2
[
M + b(M − b+ Λr2)]
(M − b) [a2(M − b)2 + 4r2(b−M − r2Λ)] , (37)
gtφ = − aM(M − b)
2 [M + b(M + Λr2)]
, (38)
gφφ =
a2b(M − b) [−2M + b(−M + b+ r2Λ)]
4 [M + b(M − b+ r2Λ)]
+
r2
(M − b)
[
M + b(M − b+ r2Λ)] (39)
For non-gravitational field in Einstein frame reads
Aµdx
µ =
Q
[(
1 +M − b+ r2Λ) dt− a(M−b)2 dφ]
2 [M + b(M − b+ r2Λ)] , (40)
Btφ = −Bφt = aMb(M − b)
2 [M + b(M − b+ r2Λ)] , (41)
and
Φ = −1
2
ln
∣∣∣∣M + b(M − b+ r2Λ)M − b
∣∣∣∣. (42)
Where b = Q
2
2M and a =
J
M is the rotation parameter.
This is a set of solutions from BTZ black holes in het-
erotic string theory in string and Einstein frame. From
the (36)-(42) solution, if we set b = 0, then the metric
solution will return to the BTZ black hole. For short
hand purposes, the we will call this solution as BTZ-Sen
Black Hole (BTZ-S BH).
As the author mentioned in the previous section that
three-dimensional black holes has similar characteristics
to ordinary four-dimensional black holes. A brief expla-
nation of these statement we start by investigating the
event horizon in detail and what processes occur in BTZ-
S BH. A hypersurface has parametric equation which
usually is written as
f(x0, x1, x2) = 0, (43)
5where x0 = t, x1 = r, and x2 = φ. The normal vector
from the hypersurface can be written as nµ =
∂f
∂xµ . Hy-
persurface is said to be null if the conditions below are
obeyed
nµnµ = g
µνnµnν = 0,
grr = 0. (44)
We can conclude that grr = 0 is a way to get the radius of
the event horizon. Applying the method to obtain BTZ
black holes in heterotic string theory, we get
r± = l
√√√√√ (M − b)
2
1±
√
1−
(
J
Ml
)2. (45)
Since the black hole that we are looking at is charged,
the event horizon of this black hole is parametrized by
a mass M , charge Q, cosmological constant Λ = − 1l2 ,
and angular momentum J . To keep the event horizon on
this BTZ-S BH still exist, the variables l, M , and J must
obey the following conditions
M > b, |J | ≤Ml. (46)
when b = Q
2
2M = 0, this event horizon will be reduced to
the radius in BTZ black holes [2]. In extreme conditions
|J | = Ml, the event horizon radius r+ r− merges into one
with a radius re = l
√
M−b
2 . Again, this extreme radius
is reduced to the extreme radius of the BTZ black hole
when b is turned off. For the case of BTZ-S BH solutions
with the condition gtt = 0
rsl = l
√
M − b, (47)
the value of rsl is often referred to as the static limit
radius; the radius at which the observer will remain sta-
tionary even if the black hole is rotating. The ergosphere
of BTZ-S BH can be found in the range of event horizon
radius and static limit of r± < rerg < rsl. To discuss the
geometry of this black hole in detail, we start from the
event horizon graph
The Fig. 1 is a plot of the metric tensor grr with respect
to r. We first show the figure with several value of rota-
tion parameters a to see how much the rotation on BTZ-S
BH affects the event horizon(s). From this information,
we get that the greater the rotation of the black hole the
smaller the distance between the horizon(s). When the
rotation parameter shows the value a = 5.8, the two radii
are joined together. After this value, the black hole has a
point of singularity that is not covered by event horizons
or which can be referred as naked singularities.
In addition to the event horizon, the three-dimensional
black hole has the same characteristics as a four-
dimensional black hole, namely ergosphere and static lim-
its. The radius in Eq. (47) depends only on the mass
2 4 6 8 10
r
-2
2
4
6
8
10
grr(r)
a = 1
a = 5.8
a = 8
FIG. 1: The graph grr with respect to the distance r repre-
sents the geometry of the BTZ black hole in heterotic string
theory with b = −0.2, M = 1, and Λ = −0.03. The metric so-
lution that satisfies the condition grr(r+) = 0 is the radius of
the event horizon r+. The static limit radius and ergosphere
is presented in table I.
a r− r+ rsl
1.0 0.44 5.14 5.16
5.8 3.65 3.65 5.16
8.0 - - 5.16
TABLE I: Table for exact value of r from figure 1. Note that
rls is a static limit radius. Ergosphere (rerg) still exist in the
range r+ ≤ rerg ≤ rls.
M , charge Q, and the cosmological constant of Λ. We
can inferred that, based on the Fig 1 and the table I,
the rotation parameter a does not affect the dynamics of
the static limit radius. When the naked singularity phe-
nomenon occurs, the static limit radius (rls) will remain.
2 4 6 8 10 12 14
r
-0.5
0.5
1.0
grr(r)
b = 0
b = 0.5
b = 0.8
b = 0.9
b = 0.99
b = 1
FIG. 2: The graph grr with respect to r with a = 1, M =
1, and Λ = −0.03. The metric solution that satisfies the
condition grr(r+) = 0 is the radius of the event horizon r+.
The static limit radius and also the ergosphere is presented
in table II.
From the previous story, the variation of the a parame-
ter does not make the black hole disappear because there
are still static surface limits. Now if we make a change
6on the charge, this black hole will produce a different
physical meaning. Therefore, it is very tempting for us
to investigate the Fig 2. The figure is a plot that depict
the grr metric with respect to the distance with the sev-
eral value of b. It should be reminded again that b = Q
2
2M .
In this plot, We want to see the dynamics of event hori-
zons on black holes that begin with b = 0 to b = 1. For
b = 0, this black hole has 2 horizon(s) (explaining the
geometry of the BTZ black hole). The static limit radius
of rsl from this black hole with a variation of 0 ≤ b ≤ 1
always coincides with the outer horizon of r+. This is
the same as the plot in Fig. 1 when the rotation param-
eter a = 1. As the b parameter increases, it appears that
when the outer horizon touches the static limit radius
(M ≈ b), the BTZ-S BH does not exist.
b r− r+ rsl
0 0.50 5.75 5.77
0.5 0.35 4.06 4.08
0.8 0.22 2.57 2.58
0.9 0.15 1.81 1.82
0.99 0.05 0.57 0.57
1.0 0 0 0
TABLE II: Exact value of r from Fig. 2. Note that rls is a
static limit radius. The ergosphere (rerg) exist in the range
of r+ ≤ rerg ≤ rls.
Now look at a particle in the ergosphere. Particles that
we can still analyze must move in the timelike and null
geodesics (ds2 ≤ 0). With r = φ = constant, we can get
ds2 =
(M − b)(M + r2Λ− b)
M + b(M − b+ r2Λ) dt
2, (48)
Since we want to see particles moving in the ergosphere
(r < r1), we get the conditions
r2
l2 < (M − b). The con-
sequences of this relationship are ds2 > 0; Particles that
stand still in the ergosphere tend to move in a space-
like manner. So other terms in the tensor metric must
contribute and the particle must change position. Fortu-
nately, the case above corresponds to a black hole BTZ
ds2 =
(
M − r2l2
)
dt2, with the condition r
2
l2 < M .
The limitation above requires us to change the condi-
tion of the particles. If the particle moves in the direction
of φ with t and r constant, then the particle has an angu-
lar velocity around BTZ-S BH that satisfies the equation
Ω2 + 2
gtφ
gφφ
Ω +
gtt
gφφ
= 0, (49)
Thus, we find the angular velocity
Ωmax, min = − gtφ
gφφ
±
√(
gtφ
gφφ
)2
− gtt
gφφ
. (50)
The angular velocity obtained above depends only on the
distance. In general, because gtt < 0 (Ωmin < 0) so the
observer can see the particle rotating in the opposite di-
rection to the rotation of the black hole. When the parti-
cle is near the static surface limit of gtt → 0, the angular
velocity of the particle has two values, namely Ωmin = 0
and Ωmax = −2 gtφgφφ . That is, the particle (at Ωmin), is re-
main at rest instead of rotating in the opposite direction
of the black hole rotation. Thus, the maximum angular
velocity of Ωmax can be explicitly stated
Ωmax =
2M
[
M + b(M − b+ Λr2)]
ab [M + b(M + Λr2)] [b(b−M + Λr2)− 2M ] (1 + χ24)
,
(51)
where χ4 =
2r[b(M−b+Λr2)−2M]
a(M−b)
√
b2(b−M+Λr2)−2Mb . To ensure the
analysis is still on the right track, we can prove that
if the charge term b is turned off, then the maximum
angular velocity above belongs to the black hole BTZ(
Ωmax =
a
2Mr2
)
. In addition, Eq. (51) also satisfies phys-
ical conditions. At a very large distance (r → ∞), the
angular velocity is zero. This indicates that the particles
that are very far from the black hole do not feel the frame
dragging effects at all. This observation again adds to
our belief that the family solutions of three-dimensional
black hole has the same characteristics as the family so-
lutions of four-dimensional black hole. In the case of
Kerr black hole, zero angular velocity at infinity is caused
by an asymptotically flat space-time background. How-
ever, the angular velocity with asymptotically-flat anti-
de Sitter also has the same result. From the previous
statement, we can conclude that the particle will not feel
the frame dragging effect no matter what the asymptotic
background is. The angular velocity that gets smaller
when the distance is farther away from the object also
obeys the conservation law of angular momentum. More-
over, particles that enter the ergosphere area will rotate
in the direction of rotation of the BTZSBH around
L = 2pir+ = 2pil
√√√√√ (M − b)
2
1 +
√
1−
(
J
Ml
)2. (52)
The formula above is the same as the perimeter of a
circle since a 3-dimensional (2+1) black hole has a 2-
dimensional surface. Finally, when the charge contribu-
tion is switched off, the perimeter of the BTZ black hole
is again obtained.
With the end of this section, we already know the ge-
ometry and characteristics of BTZSBH. Starting from
solutions on the string and Einstein framework, event
horizon, ergosphere, static radius limit, angular veloc-
ity, and circumference of BTZ-S BH. In conclusion, BTZ
black holes in the low energy heterotic string theory still
exist in space-time.
7CONCLUSION
In this paper, we construct the classical exact solution
of a three-dimensional black hole in low-energy heterotic
string theory (BTZ-Sen balack hole). The exact solu-
tion we obtain are BTZ black hole [1, 2] with Maxwell
Fµν , nontrivial dilaton φ, and 3-form field Hµνρ. The
Hassan-Sen transformation is the path we choose to ob-
tain the metric solution. This method requires us to have
seed solutions that obey the stationary and axisymmet-
ric conditions. Since this novelty involves two important
concepts, we structured this paper into two sections; (i)
BTZ black hole as a review, and (ii) BTZ Black Hole in
the low energy heterotic string theory (BTZ-Sen). In our
discussion on BTZ black hole in the low energy heterotic
string theory, the solution we obtain as a result of the
Hassan-Sen transformation starts from the string frame.
The metric solution is still paramaterized by the mass
M and angular momentum J . We employ Sen [22] com-
bined with the method in [45–47] to obtain the conserved
mass, angular momentum, and charge since the object
obey the lower derivative gravity (Λ 6= 0). Expressing
the conserved quantity in terms of ADM variable, we ob-
tain the charge case after conformal transformation to
Einstein frame (36)-(39). When b is switched off, the
metric solution automatically reduces to the well known
BTZ black hole.
From our investigation of the event horizons, to keep
the black hole exist the cosmological constant parame-
ters l, mass M , angular momentum J , and charge b must
oeby the conditions M > b and |J | ≤ Ml. Under these
conditions, we obtain that the number of horizons will
decrease as the rotation parameter a increases. A differ-
ent story arises when the parameter b = Q
2
2M being varied.
For b = 0, the event horizon characteristics are the same
as BTZ black holes. When the b parameter increases,
the event horizon shrinks until the b parameter equals
to the value of M , a black hole does not exist. For an-
other aspect, particles that stand still in the ergosphere
have space-like conditions (ds2 > 0) so they must orbit
in the same direction of rotation as the black hole. The
obtained angular velocity is reduced to BTZ angular ve-
locity when the b variable is turned off. In the far region,
the particle does not feel the frame dragging effect of the
rotation of the black hole no matter what the asymptotic
background is.
With this background solution, it is tempting to in-
vestigate the phenomenological aspect from the solution.
One can obtain the thermodynamical properties and the
first-law of BTZ-S BH [48]. Other investigations are
also of interest such as geodesics, deflection, and pho-
ton sphere around BTZ-S BH using the Hamilton-Jacobi
equation [49]. Since the black holes also obeys quan-
tum phenomenology, we can also look for massless scalar
wave scattering due to the appearance of BTZ-S BH. This
case can be obtained by using the massless Klein-Gordon
equation to obtain the field Φ(t, r, φ). By using JWKB
approximation to get the phase shift of the effective po-
tential that exists from the interaction, and the eikonal
approximation to obtain the scattering amplitude, the
scattering cross-section can be obtained from the abso-
lute square of f(θ) [50]. We leave these three novelties
for our further investigation.
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